All learning environments are designed based on a set of epistemological assumptions about what knowledge should be learned. For example, most mathematics classrooms are designed to teach a certain kind of mathematical knowledge that comprises procedures that solve isolated problems quickly, and this implicitly devalues the importance of structural understanding or, put another way, of developing an appreciation of underlying mathematical models (see Lehrer & Schauble, this volume). This means that students all too often do not appreciate the need for consistency or rigor, so do not notice conflicts, and therefore cannot learn from it.
abstractions in reciprocal relation with the symbolic tools of the environment, abstractions that are expressed within, and shaped by, the medium (the tools, the activities and the context) (see Noss & Hoyles, 1996) ; this relationship has also been described as one of "instrumental genesis" (see Verillon & Rabardel, 1995; Artigue, 2002) .
This dialectic provides a useful way to think about tools as standing between the learner and the phenomenon being modeled. When tools are used in mathematics classrooms they are often naively assumed to be invisible or transparent: that is, there is a 'direct' interaction perceived between the learner and the mathematical knowledge. This is not the case. For example, a teacher using a simple graphing tool to demonstrate linear relations between variables might change the slope of the line to demonstrate a changing mathematical relationship. However, the students may simply interpret the line to be rotating, focusing on the visible transformation and failing to see the underlying relationship that it models. As Balacheff (1993) has argued when discussing the idea of 'computational transposition',
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Page 3 computer tools introduce a new model of knowledge related to the functioning of the machine and the interface designed for the software: the knowledge instantiated in a computer system is not the same knowledge 1 . Alongside this epistemological and cognitive complexity, it is also important to recognize that tools act as mediators of social interaction through which shared expressions can be constructed. This suggests that we must not only analyse how tools shape and are shaped by individual learners' uses but also how they mediate the creation of a collaborative learning environment and the process of co-construction in a community of learners.
2
This leads us to investigate the conditions under which collaborative learning might foster mathematical learning, and how this can be achieved within the constructionist paradigm. In each of the two learning environments we describe below, we designed ways in which students would interact actively with models, so that they would be encouraged to focus on structure rather than merely on surface-level features of the phenomena under consideration.
Collaboration
It is now generally accepted that descriptions of learning benefit from recognizing the importance of participation in communities of practice (see Lave & Wenger, 1991 ; see also 1 Colette Laborde has recently provided the following example (personal communication). Consider two DGS-constructed parallelograms. Version 1 takes a line segment AB, a second one BC, and then constructs parallel lines (and then line segments) to find the fourth vertex, D. Version 2 uses a well-known theorem concerning the midpoints of diagonals of a parallelogram, and finds the fourth vertex by constructing a "symmetrical point" of the midpoint of AC. Now a thought experiment: how do versions 1 and 2 behave as the parallelogram is dragged (by A, say) to zero area (i.e. is the degenerate parallelogram a parallelogram?). 2 We do not here discuss the question of the legitimacy of the knowledge developed in different communities. From a sociocultural point of view, instrumentation can be regarded as part of the process of developing participation within a community of practice, a process that first must accept 'non-standard' ways of expressing mathematical ideas as legitimate contributions to collective activity (see Hoyles, Noss & Kent, 2004 ).
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Sawyer, this volume). Important progress in our understanding of how this paradigm works has come from studies of the way the scientific community produces knowledge, which have shown that, even more than individual or team efforts, the open process of publishing, critiquing, exchanging, and debating ideas significantly contributes to the growth of science (Latour, 1987 ; see also Roschelle, 1996) . In the educational field, there have been attempts to model school learning on this paradigm of intellectual communities of practice (see, for example, Brown & Campione, 1990; Scardamalia & Bereiter, 1991) .
Many learning scientists have argued that computers can support such collaborative discussion through specially designed web-based environments (Koschmann et al., this volume; Scardamalia & Bereiter, this volume) . One of the best-known examples is Knowledge Forum, in which students are prompted towards scientific prediction and reflection by scaffolds that encourage them to articulate their theory, to express what they have learned, or to ask for an explanation (Scardamalia & Bereiter, this volume) . One approach is predicated on the belief that students learn best when they act like researchers: undertake investigations, produce evidence and seek contradictory evidence, interpret outcomes on the basis of their theories, and discuss, explain and defend their emerging theories.
There is, however, evidence to suggest that knowledge building is only sometimes produced in quite the way envisaged, as communication at a distance rarely continues long enough to produce significant learning (Stahl, 2001, p. 179) . We believe that this may result from two tensions facing any classroom collaboration: the tension between the goals of the individual learner and the goals of the group (see Hoyles, Healy & Pozzi, 1992) , and the tension between the school's ethos of "getting the job done quickly" (the procedural approach in math classrooms), versus the sustained engagement needed for truly collaborative constructivist learning. In building the two collaborative learning environments described below, our goal is 'models as mathematical expression' and to achieve this we designed activities that attempted to mesh the conflictual with the consensual, while taking account of
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The Playground Project
We first report an attempt at creating a collaborative and constructionist learning environment called the Playground project, 3 in which our overarching design criterion was to build a computational environment in which children could construct, modify and share computer games using the formalization of rules (the underlying models for the games) as creative tools in the process. Children in different sites in several European countries engaged interactively in the iterative design and construction of games, which they would play together, and modify or rebuild from scratch. Playground's agenda was to provide a virtual world for this community in which the construction and interpretation of formal rules through programming was a 'natural' way to get things done: That is, by immersing the children in an environment in which they could program concretely visible events (e.g. when the ball hits the bat, make a sound), we intended that they would encounter the power of rigorous expression of relationships and model building. The rules had to be articulated explicitly and built externally before they would have any visible effect on the game; so this environment would contribute to model-based learning by allowing these forms of mathematical knowledge to become objects of reflection and discussion.
We worked with children aged 6 to 8, largely in informal out-of-school settings.
Some of these children had only a basic ability to read and write, so requiring them to interact with the computer via text was not an option. We therefore designed and built two Playgrounds, each based on an existing visual programming environment for children: the first on ToonTalk (Kahn, 1996) and the second on Imagine (a powerful version of Logo: Kalas & Blaho, 2000) . These agents coordinate and communicate by asynchronous passing of messages via ToonTalk "birds".
5 To account for the young age of the children, we designed behaviors with multi-modal representations of their functionality: descriptive text that also spoke when pointed at, together with graphical (often animated) descriptions.
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Each object on the screen (typically a picture -a spaceship, say) is programmed how to behave by the behaviors attached to it (attaching a behavior to any object is a matter of dropping the robot onto its flipside). Figure 3 shows the flipside of an object with four behaviors attached to it. Each one moves the object either right, left, up or down when the user presses an arrow key, so, for example the robot in the 'moving left' behavior has in its thought bubble the condition "the left arrow key is pressed" and if that condition is satisfied, the robot moves the picture to the left. Any behavior can be removed directly from an object to disable that functionality (to prevent the object from moving up, for example); any behavior can be copied to another object (so that both objects do the same thing under the same conditions); and any robot within a behavior can be edited for re-use.
The Playground design team built a small set of ready-made games, including a Pong game and a simple adventure game, so that children could first play them and then take them apart or change the way they worked, rather than always building games from scratch (examples of student work can be found in .
The Imagine Playground
The second version of Playground was built in an icon-based environment called
Pathways. 6 Instead of robots and thought bubbles, children defined objects' behaviors using collections of iconic rules, which could be viewed by opening a 'scroll of paper' attached to the object. Each rule was expressed as a visible "sentence" or string of graphic icons which combined a condition and a series of actions to be executed whenever the condition was true.
The icons representing the conditions and actions were represented as "stones", small concrete manifestations of the concepts that could be strung together to constitute a rule (see Figure 4 ). Action stones had a convex left side so that conditions with their concave right sides could naturally fit to their left. Any object could accept any number of these iconic rules, all of which would be executed in parallel whenever the conditions for their execution were satisfied. Figure 5 , for example, illustrates three rules for a "monster". Pathways provided 13 conditions and 25 actions, together with a wide range of object parameters (such as speed and heading) that could be set by using sliders and other manipulable tools.
Pathways also included pre-drawn objects, backgrounds and -in the final version -a mobile phone icon that allowed players to send messages to each other. Objects could be edited (e.g. We had common design principles across both platforms, although how they were implemented was clearly shaped by the tool. In particular, in addition to providing these resources, we built -just as in the ToonTalk playground -a set of pre-made games. Figure 6 shows one of these video games with a spacecraft, some space monsters, a couple of score displays (in the top corners), together with a set of controls along the bottom of the screen.
Each object had its own set of iconic rules; in fact, the "Monster" rules in Figure 5 are taken from this spaceship game, and of course, any piece of the game could be modified or recycled. Examples of students' work can be found in Goldstein et al, 2001 .
**Insert FIG 6 about here**
Findings of the Playground project: Summary and reflections
In this section we summarize the main outcomes of the Playground project and point to some of the challenges that emerged toward the end of the study.
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Mathematics as models
The Playground experience demonstrated that even very young children could learn about models, even without explicit instruction and in an after-school environment in which learning math and science were not the explicit agenda. By designing games, children learned several features of models: for example, they became aware that model rules could be invariant across different "surface" features -that is, games could be essentially the same despite changes in pictures, sounds, or spatial configuration of objects. We noted how children engaged with the models at different levels: by tweaking numerical parameters and observing visible results; or by changing part of a behavior or iconic rule to achieve a new effect. We observed some children making rather advanced mathematical discoveries for this age (recall that the eldest was 8)-for example, that two-dimensional motion could be decomposed into horizontal and vertical components (Noss, 2001) . Indeed, the idea of decomposition in general-the idea that an object's behavior is the sum of its multiple underlying behaviors-was one of the important modeling ideas children grasped in the course of their game-building.
There were, however, some less positive outcomes. First, even if children had programmed a rule correctly, they could not necessarily express it precisely in spoken or written language. For example, instead of describing how a robot's rule controlled an object, they often tended to describe its visible behavior. Second, children were not always able to predict the consequences of a rule, even one they had programmed, particularly when that behavior did not make sense within the overall narrative of the game's play that they had envisioned. We cannot therefore claim that the formal means of expression afforded by our
Playgrounds was fully integrated with the children's verbal and written articulations. Third, the children seldom reached the point at which they could use the tools to build games from scratch without considerable help, although they did become proficient at taking apart and changing games built by others, and re-using and adapting the behaviors or iconic rules in their own games. Fourth, where we hoped children would focus on generalizing a behavior
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Engaging children in the instrumentation process
We have mentioned earlier how tools and conceptions develop in a dialectical relationship. One direction of this 'tool to conception' process, is the instrumentation process, one part of instrumental genesis mentioned earlier. It is a way of naming the full extent of the "new" mathematical and technological demands placed on students when digital tools are introduced in mathematics classrooms. It represents a step towards theorising how to connect the changed body of student knowledge (acquired by interacting with the new symbolic tools and their associated languages of expression), to the standard mathematics curriculum (for an elaboration of these ideas see Hoyles, Noss & Kent, 2004) .
We noticed that the children in all the sites needed time to come to appreciate that there were models underlying their games, and also required time and assistance to engage with several aspects of the instrumentation process: first, how behaviors or iconic rules 'worked', that is, their syntactic requirements; second, to begin to master this syntax so that they were able to build or change the models on which the games were built; third, to understand that interpreting the models others had constructed for their games involved 'reading' this new syntax; and fourth, to develop some appreciation of quite sophisticated ideas of computer science, such as concurrency and object-oriented programming 7
. However, we also noted that the time and energy necessary to create or modify games did not seem to be a problem: almost all the children became deeply engaged in their projects and were happy to return to them over and over again, throughout an extended period, without significant distraction. We also saw how children gradually came to tune their expectations to the possibilities of the tools: and reciprocally, how their use of tools began to coalesce in novel and sometimes unexpected ways.
Enhancing the visibility of the rules of a game
In early interviews with children, we asked them to describe the rules of their favorite games, whether a computer game or a traditional playground or board game. Initially, children mostly described limiting rules (like "you mustn't hit other children") and not the generative rules or the structural constraints that underpinned them ("you have to pick up this object in order to get through that door"). This preference became less pronounced as the children developed familiarity with Playground. By making rules and models visible, the environment helped the children think about complex systems of rules, and how underlying and invisible models generate visible behavior.
Finding the right grain size
The children were able to build a range of games and could modify pre-built games by choosing different objects, behaviors or iconic rules made by the Playground community as a whole, and take apart and combine them in different ways. Based on this observation, we conclude that we had built a manipulable user interface at about the right grain size-the appropriate level of complexity and functionality. We had designed each Playground so that children could make changes at three different grain sizes and classified their actions and game modifications accordingly, from surface to deep structure:
the game grain size: where surface features such as color, sounds, background were modified but not the model underlying the game. We noted that these surface changes were easy to accomplish, but nonetheless could have a remarkable effect on the narrative of the game (see Littleton & Hoyles, 2002) .
the behavior or 'iconic rule' grain size: swapping, adding or taking away behaviors or stones or making simple changes to them such as changing numerical parameters.
the model grain size: where rules were built from scratch or the programs through which they were expressed were edited (only in ToonTalk; children were not offered access to this lower level in the Pathways system).
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Children mainly worked at the game or behavior levels, making changes in ways that kept the underlying model essentially the same while achieving a range of different outcomes: for example, they would edit the sound made after a collision, or the picture in a list used for animation.
Moving between narrative and model rules
When children built their games together, we noted that they adopted two types of rules:
Player rules -regulations that were agreed (possibly tacitly) among the players that
should not be transgressed in the interests of the narrative of the game, but with nothing in the computer to 'force' compliance.
Model rules -programmed rules (at behavior or model levels) that specified the formal conditions and actions for the objects of the game and their relationships (e.g. if the ball hit the paddle then '1' is added to the score).
When children first planned games, they often envisaged very complex rules and many that they were not able to program they simply agreed to operate as player rules. Over time, we saw how the children came to coordinate these two types of rules: If they wanted cats to meow when they drank milk, they recognized that they needed to program this to happen. In order to do this, they had to engage in the instrumentation process: What was the formal equivalent of "drinking milk"? Most defined it as "touching milk", not least because there was a sensor 'touching', so the rule was programmed as when a cat touches milk it meows.
Exploiting on-line collaboration to move towards formalization
When children shared games over the web, we traced how they added complexity and innovative elements to their games in order to make them more challenging for their peers in other locations. They tended to achieve this by simply adding or taking away behaviors or iconic rules, copying objects and their functionality, or changing the appearances of games or the noises made. We noted in a couple of case studies (see ) that when the characters of a game had little or no functionality, the games received confused or supposed to guard a treasure, and two girls imagined that the dragon was fierce, but the actual image of the dragon looked quite benign (and static); they had a "player rule" that it was fierce, but not a "model rule." In a face-to-face setting, the girls would have been able to develop a shared enthusiasm for the narrative, and agree on both player and model rules to convey it. They sent their game to two boys in another country and, in the absence of any rules arising from an underlying model, the boys were unable to appreciate the rich narrative that the girls had constructed around their characters: the lack of a shared interpretation of the player rules made it impossible to appreciate the game in the way intended. But sharing games over the web eventually pushed the children increasingly to formalize their rules, and helped them to articulate how these rules made things work in the way they did.
Conflicting rules
We have noted in the introduction to this chapter that in math classrooms children tend to be content with conflicting evidence or even conflicting solutions, as they do not necessarily expect consistency. In Playground, children often attached multiple behaviors or stone rules to a single screen object. We observed several cases where two of these rules proved to be in conflict; an example would be the two rules "move left when you hit an object" and "move right when you hit an object." One example (see Noss et al, 2002) occurred when children built a 'Coffin' game and did not predict the outcome of giving the following two behaviors to the coffin; namely a 'guarding' behavior that 'blew up' anything that it hit, and a 'bouncing' behavior that made the coffin bounce between two barriers.
When the game was played the effect was totally surprising to the children -the coffin, rather than bouncing off a barrier, blew it up. This meant the game could not be played as intended, and given the children's commitment to the game, rather than ignore the conflict -as they might be inclined to do in a math classroom -they worked hard to generate a solution.
WebLabs
Playground did not allow us sufficient time for designing for the production of shared games through collaboration between different sites. Children did share their games but there agreeing on a way to label objects, or deciding on a common filing system -but there was little opportunity to embed this etiquette across physical sites. Thus we were largely unable to establish a community of game designers that spanned sites, or to develop appropriate tools to help children co-construct and reflect together at a distance on, for example, types of games, types of rules, or even problems they had encountered and different ways to overcome them.
A subsequent project, WebLabs 8 , starts with an agenda similar to Playground, but focuses more on developing sustained inter-site collaboration. We are trying to ensure that the potential of collaboration is exploited in all its forms, by including asynchronous discussion and evaluation as part of the design. We are also aiming for a more explicit focus on learning mathematics through modeling, collaborating and sharing.
We set out to build a system that allows students aged 13 to 15 to construct models of their emerging mathematical ideas, to share the models and to focus students' attention on the process-based descriptions of the models. This agenda resulted in four design challenges:
1. to design a system through which students can share in the process of knowledge building-share their partial understandings through their evolving models of mathematical phenomena. The system needed to support the co-construction of models and also provide a language of description for the community to talk and write about its developing knowledge of modeling. 3. to construct an environment in which the etiquette and norms of the intra-site and inter-site communities is to produce evidence on why a model is correct-why the model works based on mathematical reasoning.
4. to ensure that the complexity of the integration of the different technologies in the children's instrumentation process is built into both the design of the activities and into the evaluation of what is learned and how it is learned.
WebLabs comprises research teams in six different countries 9 , and focuses on concepts including Mathematical Sequences, Infinity and Randomness. We introduce the
WebLabs project with a sample activity sequence from Mathematical Sequences. Then we describe our technical response to the design challenges; transparent modules and
WebReports.

A Weblabs activity sequence
We have constructed activity sequences for each knowledge domain, designed
iteratively with students, and tested against the reality of the curriculum in different countries.
Each activity sequence within a given site follows a trajectory that is schematically illustrated in Figure 7 . ***Insert Figure 7 about here***
The teacher (who is sometimes the researcher) has the crucial role of introducing and motivating the learning aims, the collaborative objectives, the goals of the activity and the different phases in the sequence. Following the motivation phase, there is a class discussion, Figure 7 indicates, modeling and sharing are an iterative cycle, including the writing and commenting of individual WebReports. The cycle was planned to conclude with a collective intra-site group WebReport, written by the students (with teacher assistance), and including models, descriptions, and explanations.
Up to this point, all activities are assumed to take place within a given site (classroom, out-of-school club or small-group), but students elsewhere will have worked through a similar set of activities. At a convenient point, the students at one site would be encouraged to read and comment on the WebReports from another student group. Finally, teachers would orchestrate several inter-site exchanges about alternative models, eventually leading to a second round of intra-site group WebReports, and ultimately a shared inter-site WebReport.
We have trialed several activity sequences and we now present a small sample of student engagement in one of the sequences, which set out to explore the mathematical ideas There are many interesting mathematical ideas here that go beyond a superficial 'spotting of pattern', and which require some structural appreciation of what happens and why. Until now, students would normally only learn about these ideas at or near university level given the necessity to develop rather sophisticated algebraic competence to do so.
Students begin by programming ToonTalk robots to generate simple sequences and the corresponding sequences of running totals. The aim was for the students to explore what happens to the terms of a sequence over time, and also conjecture and discuss what happens to the running totals as more and more terms are added. The students also used an EXCEL tool that we built, that would automatically import data from a ToonTalk program into an
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Page 17 EXCEL worksheet, with which the students were already familiar, so they could put graphs or charts into their WebReports to illustrate their arguments. Figure 8 shows schematically how the world of ToonTalk, in which process is made visible, is linked through a packaged tool, into data that is graphed in Excel. These activities led the students to ask questions such as: can the terms of a sequence get ever smaller yet never go below zero? (There was strong disagreement on this question!). Does the sum 1 + 1 / 2 + 1 / 3 + 1 / 4 + 1 / 5 +…. grow indefinitely, or is there a 'limit' (the students' word)? After running the robot for thousands of terms (which can be achieved remarkably quickly), we found that most would think (correctly) that it would grow for ever. ***Insert Figure 8 about here*** When the students repeated the activity to investigate the running totals of the sequence 1 / 2 n , that is 1, 1+ . On further investigation, one student felt that 'It doesn't go over 2, because you're adding things that are getting small really fast' (see Figure 8 ): a good point for collective discussion.
During the activity sequence, several WebReports were published, and these suggested many opportunities for students to challenge each other's assertions that were taken up in the second iteration of the work. For example, what do you mean by terms getting 'really' small? Can 1 / n be really small? Other students felt that the long-term behavior of a sequence depended on the size of the starting number, so that, for example, 1 / 3 n would behave differently from 1000000/3 n . On investigating this last sequence, and its associated series, one student commented on her WebReport: 'In this task I found out that if you divide a million by 3 and carry on doing it, the number never drops below zero. I also found out that if you keep 10 One student initialised the robot with 2 in the input box, equivalent to n=0.
Keith Sawyer
Comment: Figure 8 's graph is incorrect, the asymptote should be 2 but it is 1.
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Transparent modules
To support WebLabs collaborative activities, we built transparent modules (TMs), carefully packaged sets of tools with which students could construct working models of their evolving knowledge in the specific domains chosen. TMs are modules in the sense that each has embedded within it a set of mathematical ideas that are operationalized, that is, the ideas are made to do work by producing something useful or interesting enough to merit further exploration and discussion. They are transparent in the sense that it is relatively straightforward to inspect the underlying models, to manipulate and change them, and to rebuild them as necessary. We used ToonTalk as the platform, so the building of the TMs could benefit from our experiences of designing and building behaviors in Playground.
We encouraged the students to package their own models, to include instructions on how to use them but mainly so that on clicking a packaged model, the system would launch
ToonTalk automatically, and the necessary robots and objects would appear on the screen to be run or inspected. Reversing the process, i.e. uploading a new or revised model to the system, is similarly straightforward: a student literally holds the ToonTalk object to be uploaded in her 'hand', pauses ToonTalk and uploads the object to the WebReports clipboard. Once uploaded, the student can simply 'paste' the ToonTalk object into a report as desired. Figure 9 illustrates an example of a WebReport showing a packaged model, an Excel graph generated by running the robots, and some comments by the students about the data produced from the activity. **Insert Figure 9 about here**
WebReports
The second pillar of WebLabs was the design of the WebReport system, which we hoped would serve both as the collaboratively-constructed, public record of the evolving understandings of a knowledge domain among the community, and as the final product of the In one respect, our approach is similar to that of Knowledge Forum (Scardamalia & Bereiter, this volume) , from whom we have drawn inspiration. But, as we suggested earlier, the challenge we face is somewhat different from Knowledge Forum, in that our focus is more specifically mathematical. This means that sharing the packaged models becomes the means to collaborate regarding mathematical ideas: the models are themselves the mathematical ideas we want students to share and provided the language for sharing.
As well as describing work in progress, students can type a challenge for other students, again including a ToonTalk model. Borrowing from Knowledge Forum, we have added a range of scaffolds to the WebReports to encourage commenting, which include "Can you explain?", "What if...", "I have a conjecture..", and "This doesn't work because…" as well as a box to insert a new custom comment type or an unclassified comment. Comments can also be posted as replies to other comments so that threads of discussion can be created, in much the same way as in internet newsgroups.
Our original plan was that students from different sites participating in the same activity sequence would produce their own group WebReports, and then two or more sites would collaborate to produce a final inter-site report. However, this last step has proven to be much more difficult than we imagined. Many of the difficulties have been pragmatic, for example the language barrier, differences in curricula, time differences and the timeconsuming nature of group report writing. More fundamentally, we have not yet managed sufficiently to develop the students' sense of ownership of these inter-site group reports and a
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WebLabs: Conclusions
Most students have been able to build models successfully with the TMs, and have become accustomed to the WebReport system, using it to upload their models and to insert reflective comments on them. WebReports have become part of classroom practice, and in some cases, have even proved to be a catalyst for developing an exploratory set of norms within the classroom. The technical tasks of learning about uploading models, commenting and adding graphs and so on has been relatively straightforward, largely, we think, because students want to receive comments, and be part of this wider online community. This it. However, although a number of intra-site group reports have been produced, there have been no inter-site group reports to date. Many reports have led to comment threads of length 1, despite the fact that we know students enjoy receiving comments.
We have, however, achieved remarkable success in encouraging discussion of mathematical ideas in which the interchange was based around students challenging each other competitively rather than building a joint outcome. For example, one challenge was to find the rule underlying a sequence, which was followed by the quest for more elegant solutions. This interchange was sustained over several weeks and increasingly sophisticated sequences and explanations were invoked (Mor et al, 2004) . We have asked ourselves what characteristics of this activity might account for the success of this competitive dialogue, in comparison to the failure of the students to produce shared reports collaboratively. We believe that it taps into a game-like stance, a competitive interaction that is nonetheless based on mutual understanding. A competitive edge within a collaborative framework can be pedagogically effective, particularly in a distributed community and we plan to redesign other activity sequences to include this type of interchange (see Andriessen, this volume).
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Concluding comments
In both Playground and WebLabs, we have been addressing a general question facing the learning sciences: how individual learning, computational models and community knowledge co-evolve in activity.
We can report that our conception of mathematics learning-models-as-mathematical expression-can, with careful design, contribute to this general learning sciences endeavor.
Even in the brief episodes reported above, we can begin to see how mathematical ideas expressed and shared as models can become the subject of reflection and discussion, and how this dialogue can begin to construct some rich understandings of mathematics that foreground its structure and the properties that follow from it.
One particularly salient feature of this "model-based reasoning" (see chapter by
Lehrer & Schauble), suggests that we might wish to see reasoning as necessarily 'layered', and that this layering can be facilitated by the judicious design of tools and activities:
sometimes it is only necessary to view a model, sometimes only to modify a model, and it may not always be possible or necessary to appreciate all the model's structural relationships.
We would argue that a long term goal is to design for appreciation of the existence of a model and then, over an extended time interval, dig deeper down the layers into how the model is made, how it can be modified, and how it can be combined with other models. These layers of activities and tools that facilitate appropriate interaction, seem to open up a fruitful direction for developing corresponding layers of cognitive (and collective) knowledge building.
Getting students to share mathematical ideas is not straightforward. In our work we noticed a tendency for students to build new models rather than comment on those of others.
We do not know how far this may be because of the difficulty of "reading" ToonTalk robots, as they involve observing a narrative unfold over time rather than the reading of a static text, although we should state that we saw a similar phenomenon with Logo some 25 years ago.
However, we suspect that at least part of the challenge is learning sufficient fluency to express oneself in the language of the model.
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Only teachers can ensure that discussions are about the group's evolving knowledge, and even more so when discussions are about deep understanding rather than superficial facts and skills. This is, of course, a problem of establishing a socio-mathematical norm in the classrooms of an expectation to uncover the layers of reasoning, and it is intimately tied, not only to the actions of the teacher, but to the nature of the activity structures, tools and other artifacts of the setting (such as the WebReports). We know from both Playground and
WebLabs that students are able to manage their own learning, listen to, challenge and learn from others from diverse backgrounds, as well as manage multiple technologies. Indeed they enjoy engaging in this type of activity, but this type of classroom or inter-classroom norm has to be developed over time, involving new roles for the teacher and student.
While the teacher was not the focal point of our activity in either project, it should be said that teaching was most successful when it was not merely motivational but rather more specific, encouraging high-level discussion of computational or mathematical ideas. Of course, this presupposes that teachers themselves have adequate knowledge of the content, of the tools, and of the benefits of developing a community of learners through such collaborative interchanges. Although the tools we have described here can facilitate this process, they could not hope to be successful until the teacher and school community recognizes the benefits of sharing, ensures fluency of tool use and incorporates cross-site collaboration into their practice, while recognizing at the same time how this fluency will shape students' reasoning and how this reasoning is expressed (Fishman & Davis, this volume) . All this will only happen when teachers have experienced the conceptual power of constructionist collaboration for themselves, a potential we have glimpsed in the two projects and that we hope has been conveyed in this chapter.
